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ABSTRACT 

A l a rge  number of  e las t ic  wave problems which involve one space 

v a r i a b l e  are t r e a t e d ,  i n  a u n i f i e d  manner, by a system of second-order 

hyperbol ic  p a r t i a l  d i f f e r e n t i a l  equations,  with t h e  general ized 

displacements as dependent va r i ab le s .  

is  analyzed by t h e  method of  c h a r a c t e r i s t i c s ,  y i e l d i n g  closed form 

equat ions f o r  t h e  physical  c h a r a c t e r i s t i c s ,  t h e  c h a r a c t e r i s t i c  equat ions,  

and t h e  propagation of d i s c o n t i n u i t i e s .  

g ra t ion  along t h e  c h a r a c t e r i s t i c  curves a r e  es tab l i shed .  

e l a s t i c  wave problems t h a t  may be represented by t h i s  un i f i ed  approach 

are t h e  Timoshenko beam, p l a t e s ,  ba r s ,  and shee t s ,  a l l  including the  

la teral  i n e r t i a  and shea r  effects. 

may a l s o  be  represented. 

agreement with those obtained by o the r  methods. 

This system of n equations 

Procedures for  numerical i n t e -  

Among t h e  

Various approximate s h e l l  equat ions 

Results of numerical ca l cu la t ions  are i n  

V 
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A U N I F I E D  APPROACH TO ONE-DIMENSIONAL ELASTIC WAVES BY THE METHOD 

OF CHARACTERISTICS 

by Pei Chi C h o u  and R i c h a r d  W. Mortimer 

I. INTRODUCTION 

In  the  theo re t i ca l  ana lys i s  of  t he  e l a s t i c  wave propagation the re  

are i n  general  t h ree  methods ava i lab le ;  namely, t he  Laplace transform 

method, the  method of  mode superposit ion,  and the  method of character-  

i s t i c s .  Due t o  inversion d i f f i c u l t i e s  the  Laplace transform method is 

usua l ly  l imited t o  s imple  wave equations. 

superposi t ion,  t h e  phase ve loc i ty  of d i f f e ren t  fundamental modes of 

motion a t  d i f f e r e n t  wave lengths can be ca lcu la ted  f o r  s teady wave motion. 

However, i t  is  not  s u i t a b l e  f o r  the study of t r ans i en t  problems with 

prescr ibed i n i t i a l  and boundary conditions,  espec ia l ly  f o r  those inputs  

involving s t eep  wave f ronts .  On t h e  other  hand, from the  method of  

c h a r a c t e r i s t i c s  many important fea tures ,  such as the  wave propagation 

v e l o c i t i e s  and the  equation governing t h e  propagation of d i scon t inu i t i e s ,  

can be obtained i n  closed form without any d i f f i c u l t y .  

In  the  method of mode 

The governing equations,  e i t h e r  exact o r  approximate, f o r  l i n e a r  

wave motions can be expressed as equations of motion i n  terms of d is -  

placement components; t h i s  w i l l  be cal led the  displacement formulation. 

Al te rna t ive ly ,  t he  governing equations can be expressed as the  equations 

of motion i n  terms of displacements s t r e s s e s ,  alonq with the s t r e s s -  

displacement r e l a t i o n s ;  t h i s  w i l l  b e  cal led t h e  stress-displacement for -  

mulation, 

second order  equations; w h i l e  i n  t h e  stress-displacement formulation 

the  governing equations a r e  first order equations.  Because the  boundary 

conditions a r e  sometimes prescribed i n  terms of s t r e s s ,  it h a s  hcen 

customary i n  t h e  appl ica t ion  of  t h e  method of c h a r a c t e r i s t i c s  t o  use t h e  

In the  displacement fornulat ion t h e  CoverninF equations a r e  
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stress-displacement formulation, such as i n  References 1 t o  4. I t  w i l l  

be  shown i n  t h i s  paper t h a t  t he  displacement formulation is  much more 

useful.  

propagation of d i scon t inu i t i e s ,  appear e x p l i c i t l y  i n  the  equations of  t he  

displacement formulation. 

The wave v e l o c i t i e s ,  as well as the  parameters t h a t  govern the  

This paper begins with a general  mathematical study of a system of 

n hyperbolic second-order d i f f e r e n t i a l  equations with two independent 

var iables .  The physical  c h a r a c t e r i s t i c s ,  as well as t h e  c h a r a c t e r i s t i c  

equations,  a r e  derived. 

d i scon t inu i t i e s  i n  t h e  first de r iva t ives  of t he  dependent va r i ab le s  a r e  

a l so  establ ished.  

of t h e  d i s t r i b u t i o n  of  t he  dependent va r i ab le s  behind the  wave f r o n t s  f o r  

problems with two d i s t i n c t  wave speeds. 

in tegra t ion  f o r  problems involving one displacement va r i ab le  are q u i t e  well 

known; e.g., recent ly ,  i n  [l] , a numerical procedure has  been appl ied t o  

the cy l ind r i ca l  and sphe r i ca l  wave problems, 

have solved the  wave propagation i n  a Timoshenko beam which involves two 

displacement var iab les .  However, they only t r e a t e d  t h e  case  where the  

two wave speeds are equal. solved the  Timoshenko beam problem 

with two d i f f e r e n t  wave speeds; bu t  he d id  not include any loading which 

exc i tes  a d iscont inui ty  along the  slower of t h e  two wave f ron t s .  

procedure developed i n  t h i s  paper, which is  an improved vers ion of t h a t  

given i n  c4), can handle d i s c o n t i n u i t i e s  across  both t h e  first and t h e  

second wave f ronts .  

The equations governing t h e  propagation of  

A numerical procedure is  then developed f o r  t h e  ca l cu la t ion  

The procedures f o r  numerical 

Leonard and Budiansky [2] 

Plass 

The 

I t  i s  shown t h a t  a l a rge  number of elastic wave problems can be 

t rea ted  as spec ia l  cases of  t h e  general  mathematical problem with n 

governing equations. The n dependent va r i ab le s  i n  each of t he  elastic 
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wave problems a re  generalized displacements, 

one displacement va r i ab le  a re  simple d i l a t a t iona l  and i r r o t a t i o n a l  waves 

in  cy l ind r i ca l  o r  spher ica l  coordinates.  Problems with two displacement 

var iab les  include: 

pora t ing  shear  e f f e c t  and ro t a ry  i n e r t i a  by Uflyand [6] and Mindlin [7], 

t he  correspondinn b a r  problem incorporating l a t e r a l  i n e r t i a  by Mindlin 

and Hernnann [8], and t h e  sheet  problem by Kane and Mindlin [g], 

Among the  examples with 

the  Timoshenko beam [SI, t he  motion of a p l a t e  incor-  

?iumerical ca lcu la t ions  were performed f o r  many of t h e  n = 2 problems and 

the  r e s u l t s  comnared with known solut ions.  

Examples of problems with th ree  displacement va r i ab le s  (n = 3) include 

t h e  various theor ies  f o r  t h i n  cy l indr ica l  s h e l l s ,  [lo], [lq, and [12]. 

For n = 4 ,  we have the  thick cy l indr ica l  s h e l l  equations,  such as those 

der ived by Mirsky and llerrmann p3]. 

of wave propasption i n  h e l i c a l  spr ings  by Wittr ick [14]. 

F o r  n = 6, we have the  problem 
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11. 

A. 

METHOD OF CHARACTERISTICS FOR A SYSTEM OF SECOND ORDER EQUATIONS 

Physical Charac t e r i s t i c s  and Charac te r i s t i c  Equations 

Let us consider the following system of n second order  p a r t i a l  

d i f f e r e n t i a l  equations f o r  the  n dependent var iab les  ui and two inde- 

pendent var iab les ,  x and t ,  

a h i  n au 
1 C (a i ju j  + B i j  2) a x  3 Ri 

a h i  
- - - - =  
ax2 ~f a t 2  j =1 

i = 1, 2 ,  3, ... n 

where ci, a i j  and B i j  are continuoys, and funct ions of x only. (The 

Einstein summation convention w i l l  not  be used i n  t h i s  paper.) We 

s h a l l  l i m i t  our discussions t o  continuous funct ions ui ,  although the  

der ivat ives  of ui may be discontinuous,  For regions i n  t h e  physical  

plane (x,t-plane) where the  first p a r t i a l  der iva t ives  of ui a r e  con- 

tinuous, we may write 

where 
aui aui 

ax 'i,t a t  = -  f -  U i , x  

Equations (1) t o  (3) form a system of 3n hyperbol ic  equations which may 

be used t o  so lve  f o r  t he  3n second de r iva t ives  of ui ,  i f  the  d i s t r i b u t i o n  

of ui, toge ther  with t h e i r  f i r s t  der iva t ives  a re  known along a c e r t a i n  curve. 
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. 

Along certain directions in the physical plane, however, the specification 

of ui, u. 

These directions will be called characteristic directions, and lines 

along these directions will be called the physical characteristics, or 

simply characteristics. 

except for the case of constant ci, where the characteristics are 

straight lines, Across these characteristics, the second derivatives 

of u. may be discontinuous. 

and uiDt produces solutions which are of indeterminate form. 
1 ,x’ 

In general, the characteristics are curved lines 

1 

Solving the system of 3n equations, (1) to (3) , for a2ul/ax2 we 

obtain 

where 

M =  

1 0  

dx dt 

0 dx 

0 0  

0 0  

0 0  

... 

... 
0 

0 

0 

-1/c; 

0 

dt 

0 

0 

0 

0 

0 

0 

1 

dx 

0 

0 

0 

0 

0 

dt 

dx 

... 

... 
0 . .  

0 

0 

0 

-1/c; 

0 

dt 

... 

... 

... 
0 

0 

0 

... 

... 

... 

1 

dx 

0 

0 

dt 

dx 

0 

0 

0 

0 

0 

0 

- l/cn 2 
0 

dt 
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and 

N1 = 

R1 

d(ul  ,x) 

d (u l  ,t) 

R2 

d(u2 , X I  

d(U2, t) 

... 
Rn 

d(un ,x) 

d(un, t )  

0 -1/c; 0 0 0 ... 0 0  0 

d t  0 0 0  ... 0 

dx d t  0 ... 0 

0 0 1 0 -1/c; 0 0 . .  0 

0 0 dx d t  0 0 ... 0 

0 0 0 dx d t  0 0 . .  0 

0 0 0 . .  1 0 -1/c; 

0 ... dx d t  0 0 

0 0 ... 0 dx d t  

. 

This second de r iva t ive  i s  indeterminate i f  both M and N The 

vanishing of M y i e l d s ,  after applying t h e  Laplace expansion technique 

for  determinants, 

vanish. 
1 

The vanishing of each of the  braces i n  (7) leads t o  two families of 

physical  c h a r a c t e r i s t i c s ,  e.g., from t h e  first brace,  

dx = f c1 3T 
which w i l l  be  c a l l e d  t h e  CT and C; c h a r a c t e r i s t i c s .  Altogether,  (7) 

produces 2n families of physical  c h a r a c t e r i s t i c s  Ci + and Ci , where 

along ci and c; , 
dx = f C i  

respect ively,  



I t  is customary t o  ca l l  t he  ti's the  wave ve loc i t i e s .  

The vanishing of N1 y ie lds  

Assuming t h a t  c1 is not  equal t o  any o the r  ciD we observe from ( 9 )  t h a t  

along the  d i r ec t ions  dx/dt = +cl , 

+ 
These two w i l l  b e  c a l l e d  the  c h a r a c t e r i s t i c  equations along the  C, and 

C- c h a r a c t e r i s t i c s ,  respect ively.  

t h a t  (10) is t r u e  even when c1 is  equal t o  one o r  more of t h e  o the r  ti's. 
The so lu t ion  f o r  a2ui/ax from eqs. (1) t o  (3) y i e l d s  t h e  c h a r a c t e r i s t i c  

equations 

I t  can be  shawn by a l imi t ing  process 
1 

d(uiDt) 5 cid(u. ) f ciRidx = 0, i = 1, 2 ,  ... n (11) =,x 

along (dx/dt)  = ?ci, respect ively.  

and numerators of t he  so lu t ions  of a2ui/axat and a2ui/at2 y i e l d s  iden t i ca l  

r e s u l t s  as (8) and (11). 

we may write 

The vanishing of  t h e  denominators 

Since only continuous ui are being considered, 

dui = u dx + U. i = 1, 2, ... n (12) i , x  l,tdt 

along any d i rec t ion .  

de r iva t ives  of u. are continuous, (11) and (12),  which cons i s t  of 3n 

and u. equat ions,  may b e  w e d  t o  solve f o r  t he  3n variables ui, uiDxD 

i f  proper  boundary and i n i t i a l  condi t ions are spec i f ied .  

I n  regions i n  the  physical p lane  where t h e  first 

1 

1 , t D  
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I%. Propagation of Discont inui t ies  

and i n  'i,x# Along the  physical c h a r a c t e r i s t i c s  , t h e  va r i ab le s  u 

u. a r e  governed by the  c h a r a c t e r i s t i c  equations (11). Across t h e  

physical c h a r a c t e r i s t i c s  , t he  second de r iva t ives  of ui may be discontinuous; 

these d i scon t inu i t i e s  do not  a f f ec t  t h e  a p p l i c a b i l i t y  of ( l l ) ,  which does 

not contain second der iva t ives  of ui. 

derivat ives  of  ui may a l s o  e x i s t  across  t h e  physical  c h a r a c t e r i s t i c s  , 
but these  w i l l  not be governed by (11). Discont inui t ies  i n  u and 

u occur when a f i n i t e  s t e p  input  (or jump input)  i n  these  var iab les  

i s  applied at a p a r t i c u l a r  x. The equations f o r  the  propagation of these  

d i scon t inu i t i e s  w i  11 now be derived. 

l,t 

Discont inui t ies  i n  the  first 

i , x  

i , t  

First ,  let  us demonstrate t h a t  l i n e s  of d i scont inui ty  i n  the  first 

der iva t ives  of uiare necessar i ly  c h a r a c t e r i s t i c s .  

tha t  is not a cha rac t e r i s t i c .  Assume t h a t  d i scon t inu i t i e s  i n  the  first 

der ivat ives  of ui exis t  across  DE, or between FG and DE when FG + DE, 

as shown i n  Fig. 1. 

Consider a l i n e  DE 

Further  assume t h a t  within each of t h e  two regions 

divided by DE, a l l  funct ions a r e  continuous. 

lower s igns ,  along any C- c h a r a c t e r i s t i c  from 

on DE, y i e lds  
i 

rB 

In tegra t ion  of ( l l ) ,  wi th  

A t o  B, where A i s  a po in t  

i,t (B) - u i n t ( ~ )  + J A  c id  ( u i n X )  (13) 

I f  we allow FG t o  approach DE, and B t o  approach A,  (13) becomes 

where the  bracket  designates  the  value of d i scont inui ty  (or  jump) i n  

the  var iab le  i t  encloses ,  e.g., 
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In  wr i t i ng  (14) we a l so  assumed t h a t  Ri is bounded and c. continuous; 
1 

therefore ,  t he  r i g h t  hand s i d e  of (13) vanishes as dx approaches zero. 
+ 

In tegra t ion  along Ci, as C approaches A,  yie lds  

Combining (14) and (15),  we obtain 

From t h i s  w e  conclude t h a t  d i scon t inu i t i e s  of first de r iva t ives  cannot 

e x i s t  across  a l i n e  t h a t  is not a cha rac t e r i s t i c ,  

Now, let us consider d i scon t inu i t i e s  i n  u. 

p a r t i c u l a r  c h a r a c t e r i s t i c ,  Ck, where ck is  not equal t o  any o the r  ti's. 
Write ( l l ) ,  with the  lower s i g n s ,  and in t eg ra t e  it along t h e  C- k 
c h a r a c t e r i s t i c  from A t o  B,  as shown i n  Fig,  2. 

o r  as Ck (2) approaches < ( l ) ,  w e  have 

and uiDt across  one 
1 , X  + 

As B approaches A, 

+ 

In tegra t ion  from < (1) t o  C; (2)  along t h e  o ther  Ci c h a r a c t e r i s t i c s  

y i e lds  the  same r e s u l t s ,  o r  

ki,tJ + c i  pi,J 0 
across < ; i = 1, 2 ,  ... n 

+ Since ck is  not  equal t o  any of the  o the r  ti's, every Ca. c h a r a c t e r i s t i c  

passing through point  A must i n t e r s e c t  the  Ck (2) c h a r a c t e r i s t i c ,  where 

e = 1, 2 ,  ... k-1, k + l ,  ... n. In tegra t ion  along C gives  

+ 

+ 
a. 

Combining (17) and (18),  and assuming t h a t  ct, 

continuous along C ( 2 ) ,  we obtain 

and ut a r e  
,x  

+ 
k 

+ 
across  Ck ; e = 1, 2 ,  ... k-1, k + l ,  ... n (19) 
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+ 
This  ind ica tes  t h a t  across  C k ,  d i s c o n t i n u i t i e s  i n  u and u e,t .e, X' 

e # k, cannot e x i s t ,  Thus, d i scon t inu i t i e s  i n  u and u a r e  not  

coupled with d i scon t inu i t i e s  i n  o t h e r  u ~ , ~  and u ~ , ~ ;  t he re fo re  tney can 

be t rea ted  separa te ly  . 
k , t  k,x 

+ 
E k , A  andh,t] k The r e l a t i o n s  governing t h e  magnitude of  t h e  jumps 

+ 
as they propagate along C are obtained by wr i t i ng  (11) twice, both with 

the  upper s igns ,  once along Ck (2) and t h e  o t h e r  along Ck ( l ) ,  and 

subt rac t ing  one from the  other. 

have 

k 
+ + 

+ + 
Thus, as Ck (2) approaches Ck ( l ) ,  we 

Since ui are continuous throughout, [uj] - 0 , by i n s e r t i n g  (16) i n t o  

(20) , and u t i l i z i n g  (19) , we obtain 

o r  

This may be in t eg ra t ed  t o  g ive  

where \ is a constant. From (22) and ( la ) ,  we have 

Follawing t h e  same procedure, i t  can b e  sham t h a t  t h e  propagation along 

of d i scon t inu i t i e s  is  governed by 
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t 

c, Problems with Two of t h e  ci 's Equal 

If two of t h e  ci's are equal,  (22) t o  (24) are  not  appl icable .  
+ 

Let us assume %+1 equal t o  % , then Ck+l coincides with C i  and 

with C; ; the  equations governing thejumps @ 1 and [uk t] w i l l  
k,x D 

be derived below, Following t h e  same procedure as  i n  t h e  previous 

sec t ion ,  it can be shown t h a t  (17) and the corresponding equations f o r  

C; a r e  s t i l l  v a l i d  i n  the  present  case, or, 

i = 1, 2 ,  ... n 

+ 
where t h e  upper s i g n  is  f o r  d i scont inui t ies  across  Ck and t h e  lower 

s ign  f o r  those across C; , respect ively.  

we can show t h a t  

Furthermore, analogous t o  (19), 

In  p l ace  of (20),  t h e  following equations may be  w r i t t e n  

Eliminating [% 1 and [\+l,J from (27) and (28) by using t h e  two 

equations obtained from (25) with i .I k and i = k + l ,  respec t ive ly ,  and 

so lv ing  t h e  r e s u l t i n g  two equations for 1% 1, we obtain 

D t  

DX 



12 

dx2 

'2 d 1 1 dck 6, 44 dck -- + - { - ( - ) + - -  - - - - 
2 dx B2ck dx 2ckB2 2B2ck 'dx 

d2ck 

+ ( 2 \  dx2 2Ck2B2  

62% 
4 

- - +  
4 

This second order equation €or [u 

values of [u 

[u E k,x 
[u 1 has been determined, 

D. Generalized Stresses 

1 nay be integrated readily i f  the 

1 andbk+4d a t  one point are  qiven, since the value of 
k J X  

k,x 
] a t  t h i s  point can be obtained from (27)  and (25). Oncc 

1 may be obtained from (25). 
k,x k , t  

In s t r e s s  wave problems, the functions u correspond t o  generalized i 

displacement variables and the u correspond t o  generalized ve loc i t ies  , 
as w i l l  be shown i n  a l a t e r  section. 

generalized s t r e s s  variables are a l so  of prac t ica l  importance and some 

i , t  

In these problems, cer ta in  

of these s t r e s s  variables may 

The generalized s t resses  w i l l  

n 
+ c  

j=1 'rn bm Um,x 

In a given problem the number 

be prescribed as boundary conditions, 

be designated as Sm and are  defined as 

a mjUj m = 1, 2 ,  ... (31) 

of generalized s t resses  S is ei ther  equal m 

t o ,  o r  greater than, the number of generalized displacements ui ; 

although the number of Sm t h a t  can be prescribed as boundary conditions 

is  usually equal t o  the number of generalized displacement. 

When there are  jumps i n  u , the  generalized stresses w i l l  a lso 
m ,x + 

have jumps. 

characterist ic.  Writing (31) twice along the two s ides  of t h i s  

character is t ic  and subtracting one from the other,  w e  obtain 

Consider the case of  a jump i n  u across a Cm (or  Ci) 
m,x 

pm] = bm [umJA across C+ or C- m = 1, 2 ,  ... 
(32) m i n D  

where the conditions of [u.] = 0 are  used. 

propagates along C i  o r  C- nay be obtained from (32), (22), and (24);  o r  from 

(32) and (30). 

The var ia t ion of [sm] as i t  
3 

m 



E. I n i t i a l  and Boundary Conditions 

The governing equations (1) a r e  of  second order  i n  both x and t;  

therefore ,  two i n i t i a l  conditions and two boundary condi t ions must be 

spec i f i ed  f o r  each of the  var iab les  ui , 

u. 

properly posed i n i t i a l  condition. 

along the  i n i t i a l  l i n e  t = 0 i s  equivalent t o  specifying u 

t = 0. 

The spec i f i ca t ion  of a l l  

and u ~ , ~  funct ions along the i n i t i a l  l i n e  t = 0 cons t i t u t e s  a 
1 ,X  

Note t h a t  t h e  spec i f i ca t ion  of u.  
1sx 

along i 

Along each of t he  boundary l i nes  x = x1 and x = x2, one boundary 

One properly posed boundary 

Any of t he  
2 '  

condition f o r  each u. must be spec i f ied .  

condition is  t o  spec i fy  a l l  ui ' s  along x = x1 and x = x 

general ized stress, ins tead  of t h e  corresponding displacements may a l s o  

1 

be spec i f i ed  along these  l i nes .  

e i t h e r  uk o r  Sk, but not both,  may b e  specif ied.  

generalized s t r e s s e s  is g rea t e r  than n ,  usua l ly  only n of t h e  s t r e s s e s  

can be prescr ibed as boundary conditions,  the  r e s t  a r e  not  f eas ib l e  from 

For a p a r t i c u l a r  value of i ,  say i = k ,  

I f  t h e  number of 

a p r a c t i c a l  engineering point  of  view. 

Properly posed i n i t i a l  and boundary condi t ions a re  those which assure  

a unique so lu t ion  of the eTuations. [Jniqueness of so lu t ions  t o  eqs. (1) 

w i l l  be  discussed i n  another paper. 

I I I NUMERICAL PROCEDURES 

Once the  c h a r a c t e r i s t i c  equations of a system of hyperbolic 

d i f f e r e n t i a l  equations a r e  known, they can h e  in tegra ted  r ead i ly  by 

numerical means. 

equivalent  t o  a s t r a iEh t  forward solut ion of simultaneous a lgebra ic  

equations and involves no i t e r a t i o n  process. We s h a l l  l i m i t  our discussion 

t o  numerical procedures f o r  t h e  case of two dependent var iab les  (n = 2 )  and 

constant wave ve loc i t i e s .  

For l i nea r  equations,  t he  numerical i n t eg ra t ion  i s  



14 
A. Continuous Boundary Conditions 

In t h i s  sec t ion  we s h a l l  e s t ab l i sh  the  procedure €or t he  ca lcu la t ion  

of regions where u1 and u2 have continuous f i rs t  der iva t ives .  

case of n = 2 and c1 f c 

and those with n - 1 can be t r ea t ed  a s  spec ia l  cases without any d i f f i c u l t y .  

The general  

w i l l  be  considered; whereas problems with c1 = c2, 
2 

In  performing the  numerical ca l cu la t ions ,  the  physical  plane is  

f irst  divided i n t o  a network by the  c h a r a c t e r i s t i c  l i n e s ;  t he  charac te r -  

i s t i c  and cont inui ty  equations a r e  then wr i t t en  i n  f in i t e -d i f f e rence  

form i n  terms of t he  values of the  dependent va r i ab le s  a t  the  mesh poin ts  

of the network. For problems with n = 2 ,  t he re  a r e  four  fami l ies  of 

cha rac t e r i s t i c  l i n e s  i n  t h e  physical  plane,  with each c h a r a c t e r i s t i c  

i n t e r sec t ing  every one of t h e  o the r  t h ree  c h a r a c t e r i s t i c  families. 

r e su l t i ng  network contains  too  many i r r e g u l a r  mesh po in t s  t o  be p r a c t i c a l  

f o r  numeiical ca lcu la t ions .  

i s t i c s  are used as the  main network, where c1 > c2, as  shown i n  Fig. 3; 

and only a t  the  mesh poin ts  of t h i s  network w i l l  t he  dependent va r i ab le s  

be calculated,  Values of t he  var iab les  u u U and 

u 

values a t  neighboring poin ts  2 ,  3, and 4 a r e  known from previous ca l cu la t ions .  

To accomplish t h i s ,  draw C, and C- c h a r a c t e r i s t i c s  from point  1, i n t e r -  

sect ing t h e  Ci and Ci c h a r a c t e r i s t i c s  t h a t  pass through point  4 at poin ts  

5 and 6, respec t ive ly ,  

obtained from those a t  poin ts  2,  3, and 4 by l i n e a r  i n t e rpo la t ion .  

f in i te -d i f fe rence  form of the  c h a r a c t e r i s t i c  equation (ll),  with i = 1 

The 

For s impl i c i ty ,  only C+ and C- character-  
1 1 

1’ 1,x’ 1 , tS  u2’ u2,x’ 

a t  a t y p i c a l  i n t e r i o r  point  1 may be ca lcu la ted  i f  t he  corresponding 
2 , t  

+ 
2 

Values of the  var iab les  a t  po in ts  5 and 6 are 

The 

and the upper s igns ,  is 
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I 

I *  
where a s i n g l e  numeral i n  a parenthesis  indicates  t he  point  a t  which 

the  va r i ab le  is  evaluated,  a double numeral within a parenthesis  

designates  the  average of t he  va r i ab le  between the  two points .  

o the r  f in i t e -d i f f e rence  equations may be wr i t ten  f o r  the  c h a r a c t e r i s t i c  

equations along C; between points  1 and 3, along C2 between poin ts  1 

and 5, and along C; between 1 and 6. 

Three 

I *  + 

, 
These f in i t e -d i f f e rence  character-  

I i s t i c  equations may be wr i t t en  as 

2 
A ( u ~ , ~ )  ci A(uiBX) 2 ci E (u i jGj  + BijGjJx) A(x) = 0 

j = l  
dx 
d t  ’ ‘i along - = 

where A( ) represents  d i f fe rence ,  and a bar  over a le t ter  designates  

average. 

The cont inui ty  equation f o r  u1 and u, a r e  wr i t t en  i n  f in i t e -d i f f e rence  

form along C; and Ci , respec t ive ly ,  as 

(34) 

The  four  c h a r a c t e r i s t i c  equations together  with the  two cont inui ty  equat ions,  

(35) and (36) , c o n s t i t u t e  s i x  equations f o r  t h e  s i x  unknowns u l ,  u1 ,x, 

u u  and u a t  po in t  1. 
1 , t ’  2 ’  2,x’ 2 , t  

U 

For mesh poin ts  on the  l e f t  boundary l i n e  x = x two of t h e  
1’ 

+ + 
c h a r a c t e r i s t i c s ,  C and C a re  absent. I f  u and u a r e  spec i f i ed  along 

x = x 

remaining four  unknowns u U U and u2 , If S, and S, are 

spec i f i ed  along x = x1 , then the  two f in i t e -d i f f e rence  equations obtained 

from (31) with m = 1 and m = 2, rep lace  t h e  f i n i t e -d i f f e rence  c h a r a c t e r i s t i c  

equations along C, and C,, and the  system of s i x  equations necessary f o r  t h e  

determination of t he  s i x  var iab les  is  again complete. 

1 2 ’  1 2 

t he  remaining four  equations a r e  s u f f i c i e n t  f o r  f ind ing  t h e  
1’ 

1 , X B  1 , t o  2,x’ 

+ + 
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B. Discont inui t ies  in t h e  F i r s t  Derivat ives  

When t h e  input  a t  x = x1 involves d i s c o n t i n u i t i e s  (jumps) i n  11 
1 ,x' 

+ 
o r  S1 these d i s c o n t i n u i t i e s  propagate along t h e  C l i n e ,  which 

# 1 
U 

1 , t '  

has an equation x = x1 + t ' ,  where t '  = c l t .  

jumps is governed by ( 2 2 ) ,  ( 2 3 ) ,  and ( 3 2 ) ,  with k = 1; no spec ia l  d i f f i -  

The propagation of t h e s e  

c u l t i e s  w i l l  b e  encountered i n  t h e  numerical i n t e g r a t i o n  procedure, a s  

discussed i n  L1J. 

U 

propagate alonE the  C 

However, when t h e  input  a t  x = x involves jumps i n  

These d i s c o n t i n u i t i e s  

1 

U , t ,  o r  S2, a d i f f e r e n t  s i t u a t i o n  a r i s e s ,  
2 ,x '  

+ l i n e  which has an equation x = x1 + u t 1 ,  where 
2 

= c2/ c1 . In general ,  t h i s  l i n e  does not i n t e r s e c t  t h e  main network 

a t  t h e  mesh po in t s ,  as  shown i n  Fig. 4a. This l i n e  may be replaced by 

a "zig-zag l ine"  with discontinuous s lope  but  passing through t h e  r egu la r  

mesh po in t s  [4], Numerical r e s u l t s  i nd ica t ed  t h a t  although t h e  treatment 

by t h i s  approximate "zig-zag l ine" gave o v e r a l l  good q u a l i t a t i v e  r e s u l t s ,  

the  accuracy was less than s a t i s f a c t o r y ,  

l i ne ,  x = x1 + p t ' ,  i s  used, and i s  not replaced by aryapproximate l i n e s .  

A t  each po in t  where t h i s  l i n e  i n t e r s e c t s  l i n e s  of t h e  r egu la r  network, 

values of  t h e  dependent va r i ab le s  w i l l  b e  calculated.  Details o f  t h i s  

procedure, which is similar t o  t h e  one used i n  [ly f o r  t h e  p l a t e  bending 

problems, w i l l  now be  given below. 

+ 
In  t h i s  paper,  t h e  exact C, 

We s h a l l  cal l  t h e  l i n e  x = x1 + p t '  t h e  jump l i n e ,  and introduce 
+ 

a new coordinate system (a,B) which cons i s t s  o f  t h e  C, and Cy character-  

ist ics as shown i n  Fig. 4a. The f i n i t e - d i f f e r e n c e  network is then composed 

of constant a and constant  B l i n e s ,  with constant increment 6 i n  both a 

and B .  The point  of i n t e r s e c t i o n  between t h e  jump l i n e  and a p a r t i c u l a r  
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a = constant l i n e ,  say a = m6 l i n e ,  where m is an in t ege r ,  is a t  

I n  general ,  t h i s  B i s  not an in teger ;  therefore  t h e  in t e r sec t ion  is 

not  located at a r egu la r  mesh point.  

var iab les  a t  a regular  mesh point  adjacent t o  the  jump l ine ,  t h ree  types 

of ne t  may be encountered. 

with each s i d e  of length 6. 

i n t e r s e c t s  both of t he  a = constant l ines  of t h e  ne t  and does not 

i n t e r s e c t  t he  B = constant  l i n e s  of the n e t ,  The n e t  ABCD i n  Fig. 4a, 

used f o r  the  ca lcu la t ion  of values at  point B,  is of  type 1. 

jump l i n e ,  while proceeding upwards, i n t e r sec t s  a B = const. l i n e  first 

and then an a = const.  l i n e  of a n e t ,  then t h i s  n e t  i s  of type 11, such 

a s  n e t  KLGB. If it i n t e r s e c t s  f i r s t  an a = const. l i n e  and then a 

B = const.  l i n e ,  then the  ne t  is  of type 111, e.g., net  BGHC. The 

de tec t ion  as t o  the  type of a n e t  may be accomplished as follows. 

a ne t  with s ides  a = m 6 ,  a = (m+l)6, B = n6 and B = (n+l)6,  where m and 

n a re  in tegers ,  it is type I i f  

In ca lcu la t ing  t h e  values of the  

A net  is defined as a square i n  the  network 

A ne t  i s  ca l led  type I i f  the  jump l i n e  

If  the  

For 

ym = n + E ~ ,  0 s < 1 

y(m+l) = n + E ~ ,  0 5 E~ < 1 

where y = ( ~ - I J ) / ( ~ + I J ) ,  The ne t  i s  type 11, i f  

ym = n - 1 + , 0 s E~ < 1 

y(m+l) = n + E , 0 s E~ < 1 4 
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The ne t  is  type 111, i f  

y(m+l) - n + 1 + c6 , o s c 1 

A t  a mesh point  on the  jump l i n e ,  each o f  t h e  va r i ab le s ,  

assumes two values ,  e.g. , u (unjwnped value)  and 
2,x’ U2#t’ 2 , X  

U 

u + [u2,J (jumped value),  etc., where [ u 2 , j  and ru 1 are cal- 

culated from (22)  and (23) .  We s h a l l  now discuss  the  f in i t e -d i f f e rence  
2 DX 2 D t  

so lu t ion  of the  governing equations f o r  a type-I ne t .  Referring t o  

Fig. 4b f o r  t he  type-I ne t  ABCD, i t  is assumed t h a t  values of  t h e  

var iab les  at  poin ts  A, E, D, and C are known from previous ca l cu la t ion ,  

Values at  poin t  F w i l l  now be determined. 

point F p a r a l l e l  t o  the  Ci family of curves;  l i n e  F-2 is  a l s o  drawn 

through point  F p a r a l l e l  t o  t he  CT family,  

are  obtained by l i n e a r  i n t e rpo la t ion ,  We now apply the  s i x  equat ions,  

Draw l i n e  F-3,  through 

The values a t  poin t  2 and 3 

(35), ( 3 6 ) ,  and four of t he  form of (34), evaluated a t  proper po in t s ,  

t o  obtain the  s i x  unknowns ulDX, u l , t ,  U 2 ,x ,  U 2 , t ,  u l ,  and u2 a t  po in t  F. 

F o r  t he  c h a r a c t e r i s t i c  equation along F-2, t he  jumped values at  poin t  

F must be used; f o r  t he  equation along FC, unjumped values  a t  F are 

used; f o r  th.e equation along FE at  both po in t s  F and E ,  the  jumped 

values of up and u 

F-3 as well as the  two cont inui ty  equations,  t he  unjumped values o f  

are used; fo r  the  c h a r a c t e r i s t i c  equation along 
DX 2 , t  

u and u a t  poin t  F must be used. Having obtained the  values of 

of t h e  var iab les  a t  F ,  we may now determine those a t  B. 
2 , X  2Dt 

Fig. 4c shows 

U 
1 D t ’  

the network necessary f o r  the ca l cu la t ion  of u ~ , ~ ,  u ~ , ~ ,  up,  u lDXD 

and u1 a t  poin t  B which is a regular  mesh point .  

equations i s  u t i l i z e d ,  where jumped values  a t  poin t  F must be used. 

a t  po in ts  5, 6, and 2 are, again, determined by l i n e a r  in te rpola t ion .  

Again the  system of s i x  

Values 
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For the  o the r  two types of ne t s ,  s imi la r  procedures are adapted. 

The proper i n i t i a l  conditions f o r  t h i s  case requi re  t h e  spec i f i ca t ion  

of u 

problems solved i n  t h i s  paper, the  i n i t i a l  condi t ions a r e  

and u along t = 0. For a l l  t h e  example 
1 , t D  U 2 , t ,  ul ,x’ 2 DX 

A t  x = xl, properly posed boundary conditions requi re  the  

spec i f i ca t ion  u,  or S,; and, u2 or S,. 

x = x2; however, i n  many of the  problems where x, = - w e  w i l l  r equi re  

r e g u l a r i t y  of the  two var iab les  a t  i n f in i ty .  

The same can be  s a i d  f o r  

The region between x = x + c l t  and t = 0 i n  the physical  plane 1 

contains  the  t r i v i a l  so lu t ions  of vanishing de r iva t ives  of u1 and u2. 

Along the  l i n e  x = x1 + c t these  der iva t ives  a r e  a l s o  zero i f  the  

boundary condition a t  x = x l ,  t = 0, docs not include d i scon t inu i t i e s  

1’ i n  t he  funct ions u I1 

var i ab le s  occur a t  x = x l ,  t = 0, they w i l l  propagate along the  l i n e  

x = x 1  + c l t  according t o  (22) and (23) for k = 1. 

1 

or S When d i scon t inu i t i e s  i n  these  1,x’ 1 , t S  

When discontinuous funct ions of u u or S2 a re  prescr ibed 

t = 0,  t hese  d i scon t inu i t i e s  w i l l  propagate along t h e  l i ne  
2,x’ 2 , tD 

a t  x = x 

x = x 

between the  l ines  x = x1 + c,t and x = x1 + c l t ,  t h e  de r iva t ives  of u 

are i n  general  d i f f e r e n t  from zero, although they vanish on the  l i n e  

1, 

+ c2t ,  according t o  (22) and (23) with k = 2.  Within t h e  region 
1 

2 

x = x + C l t .  1 

For problems with c1 = cpr  no special  d i f f i c u l t i e s  w i l l  be  encountered 

s ince  a l l  c h a r a c t e r i s t i c s  i n t e r s e c t  a t  regular  mesh points .  For jump 

inputs ,  the  so lu t ion  of eq. (30 ) ,  instead of (22) and (23) should be  used. 
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IV APPLICATION TO ELASTIC WAVE PROBLENS 

A l a rge  number of problems i n  l i n e a r  e l a s t i c  wave propagation and 

From these  un i f i ed  vibrat ion can be arranged i n  the  form of eqs. (1).  

equations,  t he  wave propagation v e l o c i t i e s ,  c 

which governs the  propagation o f  d i s c o n t i n u i t i e s ,  a r e  immediately known. 

and the  parameter Bii, i' 

In the following, we s h a l l  d i scuss  some examples i n  e l a s t i c  wave 

problems i n  r e l a t i o n  t o  t h e  uni f ied  equations.  

comparison of the  r e s u l t s  from our  numerical ca lcu la t ion  with those 

obtained by o thers  w i l l  a l s o  be included. 

For t h e  cases of n = 2 ,  

No discussion w i l l  be given 

on the der iva t ion  of t he  various approximate wave equations; emphasis 

will be placed on the  ana lys i s  and so lu t ion  of these  equations.  

A summary of some of the  problems with n = 1 ,and n = 2 a re  given 

i n  Table I and 11, respec t ive ly .  In  these  t a b l e s ,  t he  first row gives  

t h e  name of t he  physical  problem; t h e  second row gives  t h e  authors whose 

notat ions,  with minor modifications,  have been adopted here;  t he  rest 

of t he  rows l ist  the  coe f f i c i en t s  i n  eqs. (1) and (31) t h a t  each of the  

physical problems assumes, Certain nota t ions ,  such as modulus of 

e l a s t i c i t y  E ,  Lame's constants  X and G ,  shear  cor rec t ion  

f ac to r  k2, p l a t e  modulus D, a r e  standardized f o r  a l l  cases. The r a d i a l  

space va r i ab le  i n  cy l ind r i ca l  o r  sphe r i ca l  coordinates is represented 

by r. 

+ A. Problems with One Disnlacement Variable In = 11 

For the  c y l i n d r i c a l  and sphe r i ca l  d i l a t a t i o n a l  waves, t he  governing 

equations f o r  homogeneous media such as eq. (10) of @I, are wel l  known. 
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Resul ts  of numerical ca l cu la t ions  by method of c h a r a c t e r i s t i c s  are a l s o  

given i n  [I]. 

homogeneous mater ia ls  a r e  t r e a t e d  by Goodier and Jahsman @a. 
corresponding problem f o r  nonhomogeneous media are solved by Sternberg 

and Chakravorty 

S c h a l l e r  @J by t h e  method of cha rac t e r i s t i c s .  

c y l i n d r i c a l  longi tudinal  equivoluminal waves may be found i n  hd. 
Table I ,  t h e  corresponding equations for a l l  t hese  cases with va r i ab le  

s p a t i a l  d i s t r i b u t i o n  of e l a s t i c  propert ies  (nonhomogeneous) a r e  presented. 

The c y l i n d r i c a l  r o t a r y  equivoluminal (shear) waves i n  

The 

by t h e  Laplace transform method; and by Chou and 

Solut ions of t h e  

In  

B. Problems with Two Displacement Variables (n = 2 )  

Only two Eeneralized stresses, S1 and S2, are l i s t e d  for each case 

i n  Table 11. 

conditions.  

problem, usua l ly  (except t he  beam case) appear i n  t h e  stress equations 

of  motion; however, they may not be prescribed a s  boundary conditions 

and they a r e  not needed f o r  t h e  solut ion of t h e  problem i n  terms o f  

peneralized displacements. 

These are t h e  two t h a t  may be  prescr ibed as boundary 

Additional gencralized s t r e s s e s ,  such as Y e  i n  t h e  p l a t e  

After the  el iminat ion of one displacement va r i ab le ,  t h e  two equations 

of motion of any of the n = 2 problems may be expressed as one fourth 

order  equation. llowever, from t h i s  s i n g l e  fou r th  o rde r  eauation t h e  

wave v e l o c i t i e s  and the  f a c t o r s  D 11 
and 822 cannot be detected r ead i ly .  

In  a l l  t h e  numerical ca l cu la t ions ,  1Ylspace po in t s  are used; which 

required an average computing time of 20 t o  30 minutes on an IBPI 7040 

computer. 
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Timoshenko Beams 

The governing equations,  t he  wave v e l o c i t i e s ,  and the  equation 

governing the d i scon t inu i t i e s  f o r  beams with va r i ab le  c ross -sec t iona l  

area and va r i ab le  e l a s t i c  proper t ies  a r e  i n  agreement with those 

obtained by Leonard and Budiansky [2]. 

beam problem with two wave speeds equal by both the  method of charac te r -  

i s t i c s  and t h e  method of Laplace transform. In  p a r t i c u l a r ,  they 

obtained closed form so lu t ions  f o r  i n f i n i t e  beams with e i ther  s t e p  

veloci ty  or s t e p  moment input  applied a t  t h e  end. 

can t i l eve r  beam subjected t o  a s t e p  ve loc i ty  a t  t he  root  was ca lcu la t ed  

by t h e  present  technique; the  r e l a t i v e  d i f f e rence  between our numerical 

r e s u l t s  and eo. (C14) of [ 2 ]  i s  l e s s  than 0.0506. 

In  [2], they a l s o  solved the  

The case  o f  a uniform 

Boley and Chao EO] presented the  Laplace transformation so lu t ions  

t o  four types of loadings applied t o  a semi- inf in i te  beam. These 

loadinqs applied a t  x = 0 are: 

a. Step ve loc i ty  and zero bendinq moment, 

b. Step moment and zero displacement,  

c. Step anjwlar ve loc i ty  and zero shear  force ,  and 

d. Step shear  force and zero ro t a t ion .  

These prohlems wcre solved by the  present  technique; our numerical r e s u l t s  

were found t o  be i n  good agrcement w i t h  t h e  curves of [ 2 4  excent i n  case 

(b ) ,  where a s l i g h t  discrepancy i n  moment e x i s t s ,  as  shown i n  F i g .  5 .  

Plass @33 presented so lu t ions  t o  eleven types of loadings appl ied 

t o  a semi- inf in i te  beam, by usinK a numerical procedure similar t o  the  

present one. 

conditions where i n  every case the  impact is a pulse  i n  the form of a 

IIe applied various types of support  condi t ions and impact 
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ha l f - s ine  wave. The problems presented in  F i g s .  1, 4 ,  6, 10, 11, 1 2 ,  

and 13 of [3] were solved by t h e  present  technique. 

found t o  be i n  good agreement with those of 131 except i n  one case. 

For the  case of hal f - s ine  ro t a t ion  impact with zero shear ,  our r e s u l t i n g  

moment d i s t r i b u t i o n s  a r e  one-fourth i n  mapnitudc of  those  presented i n  

F i g .  13 of [SI. 

The so lu t ions  were 

P la t e s  

The equations i n  Table I1 for plane and cy l ind r i ca l  waves i n  p l a t e s  

are based on the  two-dimensional equations derived by Mindlin [7J. 

and KoeniR p] ca lcu la ted  cy l ind r i ca l  waves due t o  var ious axisymmetrical 

loadings of a p l a t e  with a c i r c u l a r  hole. 

are s a t i s f a c t o r y  except f o r  t he  case w i t h  a jump shear  force  input a t  

t h e  hole;  i n  which case the  procedure fo r  t h e  ca l cu la t ion  of jumps across  

Chou 

The numerical r e s u l t s  i n  [4] 

t h e  second c h a r a c t e r i s t i c  i s  not accurate.  

usinR the  present  technique a r e  eiven i n  [IS]. 

response of a p l a t e  due t o  jump shear  input are reproduced i n  Fia.  6. 

€or easy reference,  

Improved r e s u l t s  f o r  p l a t e s  

A few curves showing t h e  

Bars 

The equations f o r  nonhomoEeneous bars a r e  based on t h e  work by Vindlin 

- 
and Herrmann [8]. 

t o  t h e  problem of a semi- inf in i te  ba r  with s t e p  a x i a l  s t r e s s  and zero 

ve loc i ty  applied a t  x P 0. 

bliklowitz [21] presented t h e  Laplace transform so lu t ion  

Itis solut ion was a l so  successfu l ly  dupl icated 

by t h e  present  technique. 

Sheets 

Equations governing the  propapation of d i l a t a t i o n a l  waves i n  a p l a t e  
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incorporatinz t h e  l a t e r a l  i n e r t i a  effect  Ifere der ived by Eane and ?!indlin 

[9] f o r  two-dimensional problems. 

c a l  waves were presented by .Ja!isman Ea. 
f o r  plane and c y l i n d r i c a l  waves i n  nonhomogeneoiis nlntcrial a r e  qiven. 

The correspondin? e m a t i o n s  f o r  c y l i n d r i -  

In l n h l e  11, corrcspondine equations 

[:. I’rohIcrns with, lore Than ‘I’WO IJisT’laceaicnt Variables ( n  > 2 )  

Several sets of a!)proximate equations,  a1 1 i nco rpora t ine  t h e  r o t a r y  

i n e r t i a  and shear  e f f e c t ,  f o r  t h in  c y l i n d r i c a l  s h e l l s  can a l l  be a r r m r c t l  

i n t o  the  forr, of eqs. ( l ) ,  w i t h  n = 3 ,  For in s t ance ,  t hc  equatinns der ived 

1)y Ilcrrmanii and \ f i r s h y  p j  reduce t o  our u n i f i e d  forill, i f ,  i n  [l] , t he  

f i rs t  of (18) i s  mult ipl ied t)v and combined w i t h  t h e  t h i r d  nu1ti:)licd 

by minus one, t h c  res i i l t inv cyuation contains second de r iva t ives  of u only; 

t h e  f i rs t  of (18) minus t?ie t h i r d  mult ipl icd by  (-hL/12P) yives thc 

corrcspondinq equation f o r  rl, :rhile t h e  second of (18) i s  alrcndv i n  t!:e 

forrli o f  our  (1).  The th ree  wavc v c l o c j t i e s  detected frorr t hcse  equntions,  

and the equations Governing t h e  propagation of d i s c o n t i n u i t i e s  a r e  i i i  

agreement w i t h  those obtained by Spi l le rs  pq, who used t h e  corresiwnding 

s e t  of f i r s t  order equations.  Iletniled d i s c ~ i s s i o ~ :  of the approximations 

involved i n  d i f f e r e n t  s h e l l  t h e o r i e s ,  i n  terms of t h e  present  u n i f i e d  

approach, a s  well as numerical ca l cu la t ions ,  will I)e civen i n  a fo r th -  

cominK paper. 

X’ 

One example f o r  t he  n = 4 case is t h e  th i ck  c y l i n d r i c a l  s h e l l  

Here, i f  t h e  first two equations derived by Nlirsky and llerrmnnn tq. 
equations o f  (22) i n  bg a r c  mul t ip l i ed  by proper constants  and combined, 

two equations, one containinE second d e r i v a t i v e s  i n  rl, only,  t h e  o t h e r  

containinq second de r iva t ives  i n  u only,  may be obtained. 

t h e  l a s t  two equations of  ( 2 2 )  i n  @] may be combined t o  give two equations 

each with second de r iva t ives  of  one v a r i a b l e  only. 

X 

Simi la r ly ,  



Another i n t e r e s t i n g  problem t h a t  may be represented by t h e  present  

u n i f i e d  approach is  t h e  wave propagation i n  h e l i c a l  spr ings [14], 

t h i s  case t h e r e  a r e  s i x  generalized displacement va r i ab le s  (n = 6), 

t h r e e  components of displacement and three components of r o t a t i o n  of 

t h e  cross-sect ion of t h e  spr ing.  

of t h e  Timoshenko theory €or s t r a i g h t  beams. 

s i x  stress-displacement r e l a t i o n s ,  (49) and (SO), and s i x  equations of 

motion i n  terms of  stresses and displacements, (51) and (52). Subs t i t u t ing  

h i s  eqs. (49) and (50) i n t o  h i s  (51) and ( 5 2 ) ,  we obtain s i x  equations 

of t h e  form of our eqs. (1). I t  i s  i n t e r e s t i n g  t o  no te  t h a t  f o r  t hese  

equations the re  a r e  only th ree  d i s t i n c t  wave v e l o c i t i e s  €or t h e  cases 

where t h e  cross-section of t h e  spring i s  e i t h e r  square o r  c i r c u l a r ,  

In 

The theory is  e s s e n t i a l l y  an extension 

In  [14] , Wittrick obtained 
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